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A Hamilton-Jacobi formalism for thermodynamics was formulated by Rajeev [Ann. Phys. 323,
2265 (2008)] based on the contact structure of the odd dimensional thermodynamic phase space.
This allows one to derive the equations of state of a family of substances by solving a Hamilton-
Jacobi equation (HJE). In the same work it was applied to chargeless non-rotating black holes, and
the use of Born-Infeld electromagnetism was proposed to apply it to charged black holes as well.
This paper fulfills this suggestion by deriving the HJE for charged non-rotating black holes using
Born-Infeld theory and a negative cosmological constant. The most general solution of this HJE is
found. It is shown that there exists solutions which are distinct from the equations of state of the
Einstein-Born-Infeld-AdS black hole. The meaning of these solutions is discussed.
PACS numbers: 05.70.Ce, 02.40.Hw, 04.70.Bw
INTRODUCTION
General relativity predicts that black holes obey the
laws of thermodynamics with the horizon area and the
surface gravity playing the roles of entropy and temper-
ature, respectively [1, 2]. We may expect that in a quan-
tum theory of gravitation these thermodynamic quanti-
ties such as mass and area are treated as operators. It is
therefore reasonable to attempt to “quantize” thermody-
namics. Another possible application of quantized ther-
modynamics is to systems where the thermal fluctuations
are small, but the quantum fluctuations are not.
Thermodynamics can be formulated in terms of con-
tact geometry [3], where the first law is used to define
a contact structure and the equations of state pick out
a Legendrian submanifold of the thermodynamic phase
space. With the aim of quantizing thermodynamics, a
quantization procedure for contact manifolds is estab-
lished in [4]. Subsequently, a Hamilton-Jacobi formalism
for thermodynamics is developed in [5].
In this formalism one extends a thermodynamic system
of n degrees of freedom into an n parameter family; e.g.
the ideal gas of fixed particle number can be extended
into the van der Waals family with the parameters a and
b. This family can be described as a hypersurface in the
phase space, defined by the vanishing of a function which
we take to be the Hamiltonian. Given the Hamiltonian
function F , one can formulate a Hamilton-Jacobi equa-
tion (HJE), the characteristic curves of which correspond
to the dynamics generated by F . The equations of state
can be obtained in principle by solving the HJE.
In the same work the Hamilton-Jacobi formalism is
applied to black holes of one thermodynamical degree
of freedom, i.e. to electrically neutral non-rotating
black holes. A negative cosmological constant is in-
troduced to extend the Schwarzschild black hole into
the Schwarzschild-AdS family. It is also proposed that
the Born-Infeld action be used as a modification of the
Einstein-Maxwell equations to describe the family of
charged black holes (further modifications can be made
to include the rotating ones as well). Following this sug-
gestion we shall apply the Hamilton-Jacobi formalism to
charged non-rotating black holes.
We first summarize Hamiltonian dynamics in contact
geometry and how it is applied to thermodynamics in [5].
Next we review the non-rotating black hole solutions in
the Einstein-Born-Infeld (EBI) theory. We extract the
thermodynamical quantities such as the mass and the
surface gravity and find the hypersurface in the ther-
modynamical phase space which describes the EBIAdS
family. Lastly, we write down the HJE and discuss its
solutions.
Throughout we work with units for which c = G =
4pi0 = 1.
HAMILTON-JACOBI FORMALISM FOR
THERMODYNAMICS
Before describing the formalism that we shall use, we
briefly review contact geometry and contact Hamiltonian
dynamics. The proofs of the claims stated here and fur-
ther reading on the subject can be found in [6].
Contact Hamiltonian Dynamics
A contact structure ξ on a 2n+1 dimensional manifold
M is a codimension one distribution which is maximally
non-integrable. In other words it is (locally) the kernel
of a 1-form α such that
α ∧ (dα)n 6= 0. (1)
The contact form α is not unique since ker(fα) = ker(α)
if f is a non-vanishing function. The contact condition
(1) is, however, independent of the choice of α. For a
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2fixed contact form α there is a unique vector field Rα
called the Reeb vector field which satisfies iRαα = 1 and
iRαdα = 0.
If a vector field X generates a contactomorphism M→
M, i.e. a diffeomorphism which preserves the contact
structure;
LXα = µα (2)
where µ is an arbitrary function, then X is called a con-
tact vector field. If the contact form α is fixed, there is a
one-to-one correspondence between the smooth functions
F :M→ R and the contact vector fields X onM which
is given by
• X → FX := iXα,
• F → XF defined as the unique solution of the equa-
tions iXFα = F and iXF dα = Rα(F )α− dF .
In this context the function F is called the generating
function or the Hamiltonian and XF the corresponding
Hamiltonian vector field. Thus, in close analogy to sym-
plectic geometry, a Hamiltonian function F defines a dy-
namics on M by the flow of XF . Note however that
LXFF = FRα(F ), (3)
so the Hamiltonian is in general not conserved. But if
the initial value of F is zero, it remains zero.
As a final remark we note that if L is a submanifold
such that TL ⊂ ξ, then dimL ≤ n. Such a submanifold
of maximal dimension n is called a Legendrian submani-
fold.
Application to Thermodynamics
The phase space M of a thermodynamic system of n
degrees of freedom is 2n + 1 dimensional. For concrete-
ness, take a gas with a fixed number of particles. The
variables U, S, V, T and p can be taken as the coordinates
on M. The first law defines a contact form
α = −dU + TdS − pdV, (4)
whose kernel is the set of directions in which the energy
is conserved. The equations of state define an n dimen-
sional submanifold, all of whose tangent vectors are an-
nihilated by α, i.e. a Legendrian submanifold:
U = U(S, V ), T =
(
∂U
∂S
)
V
, p = −
(
∂U
∂V
)
S
. (5)
Note that once the fundamental relation U = U(S, V )
is given, the remaining n equations of state follow auto-
matically by the vanishing of α.
In general, let
α = du+ pidq
i (6)
be a contact form on the thermodynamic phase spaceM
with coordinates u, q1, . . . , qn, p1, . . . , pn
1. A family of
substances can be described by allowing the fundamental
relation u = Φ(q1, . . . , qn) to depend on n parameters2
a1, . . . , an as well:
u = Φ(q1, . . . , qn; a1, . . . , an). (7)
E.g. for the van der Waals family we have U =
U(S, V ; a, b), where a and b are the van der Waals pa-
rameters.
Given the fundamental relation (7) and the other n
equations of state
pi = − ∂Φ
∂qi
, (8)
we can eliminate the parameters a1, . . . , an to get a single
relation between the 2n+ 1 coordinates:
F (u, q1, . . . , qn, p1, . . . , pn) = 0. (9)
Given such a Hamiltonian F for a family of substances,
the equations of state may be recovered by solving the
first order PDE
F (Φ, q1, . . . , qn,− ∂Φ
∂q1
, . . . ,− ∂Φ
∂qn
) = 0. (10)
A complete integral of this PDE will depend on n param-
eters a1, . . . , an. The characteristic curves of this PDE
are precisely the integral curves of the Hamiltonian vec-
tor field XF [5, 7].
THE EINSTEIN-BORN-INFELD-ADS BLACK
HOLE
The EBI field equations with a cosmological constant
Λ may be derived from the action
S[ea, A] =
1
16pi
∫ (
Rab ∧ ?eab − 2Λ ? 1
)
+
∫
L ? 1, (11)
with the Born-Infeld Lagrangian [8]
L = 1
4piλ2
(
1−
√
1− λ2X − λ4Y 2
)
, (12)
where the quadratic invariants of the electromagnetic
field are given by
X = ? (F ∧ ?F ) , Y = 1
2
? (F ∧ F ) . (13)
1 By Darboux’s theorem one can always find such coordinates for
a given contact form α.
2 We choose the number of parameters to be n since this is going
to allow us to define a Hamiltonian function, see [5].
3Here Rab are the curvature 2-forms of the Levi-Civita
connection, ea are the orthonormal coframe 1-forms,
ea = ηabe
b and ea1···ar := ea1 ∧ · · · ∧ ear . The Born-
Infeld parameter λ is to be seen as a new fundamen-
tal constant of nature. Note that in the limit λ → 0
the Born-Infeld Lagrangian L becomes the Maxwell La-
grangian L → (8pi)−1 ? (F ∧ ?F ).
The variational field equations for the case with no cos-
mological constant are derived using the invariant tensor
notation in [9]. The derivation with Λ is analogous and
here we simply note the results. Variation with respect
to the coframe e leads to the EBI field equations
− 1
2
Rbc ∧ ?eabc + Λ ? ea = 8piτa, (14)
with the stress-energy 3-forms
τa = M ? ea +Nτ
(LED)
a , (15)
where M = L−X∂XL−Y ∂Y L, N = 8pi∂XL and τ (LED)a
are the stress-energy 3-forms of linear (i.e. Maxwell) elec-
trodynamics:
τ (LED)a =
1
8pi
(iaF ∧ ?F − F ∧ ia ? F ) . (16)
Variation with respect to the electromagnetic potential
A yields the field equation dG = 0 where
G =
1
4pi
√
∆
(
?F + λ2Y F
)
. (17)
The static spherically symmetric solution without the
cosmological constant was first found by Hoffmann [10]
and then rediscovered by Demianski [11]. The solution
in the presence of a cosmological constant was noted in
[12]. Note that the action they use differs from ours by
the absence of the Y 2 term. However we shall see below
that in the static case one has Y = 0, hence our results
agree. The solution is given by
g = −f (r) dt2 + dr
2
f (r)
+ r2
(
dθ2 + sin2 θdφ2
)
,
F =
Q√
r4 + a4
dr ∧ dt,
where
f (r) = −Λ
3
r2 + 1− 2M
r
+
2Q2
ar
h
( r
a
)
, (18)
h (x) :=
∫ ∞
x
dy
(√
y4 + 1− y2
)
, (19)
Q is the total electric charge, a = (λ|Q|)1/2 and M is the
total mass3. For simplicity we shall work with a negative
3 For the definition of the total mass in an asymptotically (A)dS
spacetime, see [13]
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FIG. 1. Plot of the function h(x) defined in (18). It satisfies
h(0) ≈ 1.24 and limx→∞ h(x) = 0.
cosmological constant Λ = −3l−2 as in [5]. Then f can
be expanded for a r as
f(r) =
r2
l2
+ 1− 2M
r
+
Q2
r2
[
1− a
4
20r4
+O
(
a8
r8
)]
. (20)
In particular the spacetime is asymptotically AdS and in
the limit λ→ 0 we recover the Reissner-Nordstro¨m-AdS
(RNAdS) black hole as expected.
To investigate the horizon structure we first note that
lim
r→∞ rf(r) =∞ and rf(r)|r=0 = −2M +
2Q2
a
h(0)
(21)
(h (0) ≈ 1.24 is finite.). We shall limit our attention to
the case
2M <
2Q2
a
h(0) and λ < 2Q, (22)
which includes the RNAdS black hole. With the assump-
tions in (22), the function rf(r) has exactly one minimum
whose position we denote by r0 = r0(λ,Λ, Q). Since
rf(r) is positive at r = 0 and r = ∞, it will have no
zeros, a double zore or two zeros if r0f(r0) is positive,
zero or negative, respectively. Hence from (18) we see
that there is a critical mass
2Mc =
r30
l2
+ r0 +
2Q2
a
h(r0/a), (23)
such that (see Fig. 2) if
1. M < Mc, there is no horizon. In that case there is a
naked singularity at r = 0 where the Kretschmann
scalar K = 2 ? (Rab ∧ ?Rba) diverges.
2. M = Mc, we have an extremal black hole with one
horizon.
3. M > Mc, there are two horizons.
40 r0
r
0
rf
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FIG. 2. Typical plots of rf(r) for the three cases M < Mc,
M = Mc and M > Mc. The number of horizons is different
in each case, analogous to the RN black hole. The minimum
occurs at r0, which is independent of M .
Thus the situation is completely analogous to the RN
case.
If l is small, it may not be possible to satisfy the condi-
tion M > Mc simultaneously with (22), but it is possible
if l is sufficiently large. In the subsequent discussion we
shall assume that M > Mc, which should cover the phys-
ically relevant cases. We denote the outer horizon radius
by rH.
The thermodynamical equations of state were given in
[14] for the case with Λ = 0 and then in [15] for a non-zero
Λ. In the following we note these equations and derive
from them the HJE.
Using (18) and the fact that f(rH) = 0 we can write
the mass of the black hole as
2M =
r3H
l2
+ rH +
2Q2
a
h(rH/a). (24)
The surface gravity κ = (1/2) df/dr|r=rH is given by
κ =
rH
l2
+
M
r2H
− Q
2
ar2H
h(rH/a)− Q
2
a4rH
(√
r4H + a
4 − r2H
)
,
(25)
and the electrostatic potential on the horizon is
Φ =
∫ ∞
rH
Q√
x4 + a4
dx. (26)
Introducing the surface area A = 4pir2H and using the
identity
h(x) =
2
3
∫ ∞
x
dy√
y4 + 1
− x
3
(√
x4 + 1− x2
)
, (27)
it is straightforward to verify the first law
dM =
κ
8pi
dA+ ΦdQ, (28)
which defines our contact structure. Furthermore, from
the three equations (24)-(26) we can eliminate a and l to
get a single relation between the variables M , A, κ, Q
and Φ:
3M − κA
4pi
− 2ΦQ =
√
A
4pi
. (29)
We therefore see –using the first law– that the
EBIAdS family is described by the hypersurface
F (M,A,Q, pA, pQ) = 0 with the Hamiltonian
F (M,A,Q, pA, pQ) = 3M −2pAA−2pQQ−
√
A
4pi
. (30)
The HJE we get from this Hamiltonian is
3M − 2A∂M
∂A
− 2Q∂M
∂Q
=
√
A
4pi
. (31)
This is a first order quasi-linear PDE which is surprisingly
nice and we can do even better than finding a particular
complete integral. One can indeed show that the most
general solution is
2M =
√
A
4pi
+
(
A
4pi
)3/2
u(4piQ/A), (32)
where u is an arbitrary function which must be fixed by a
boundary condition. The complete integral correspond-
ing to the actual equation of state (24) is given by the
choice
u (x) =
1
l2
+
2x3/2
λ1/2
h
(
1√
λx
)
. (33)
It should be noted, however, that (24) is not the only
complete integral of the PDE (31) as, e.g., the choice
u(x) = l−2 + 2x3/2λ−1/2 also yields a complete integral.
It is not exactly clear what this non-uniqueness means,
but at the very least it shows that one must be careful
to use the HJE to get the equations of state of a family
of substances.
CONCLUSION
To study the thermodynamic HJE for charged black
holes we have made the RN black hole into a two pa-
rameter family by introducing a (negative) cosmological
constant and replacing the Maxwell Lagrangian by the
Born-Infeld one. Under the assumption that the Born-
Infeld parameter λ is sufficiently small, the horizon struc-
ture of the resulting static black hole is quite similar to
that of the RN one. By this we mean that there is a
critical mass below which there is no horizon (Fig. 2).
An element of the EBIAdS family has two thermody-
namical degrees of freedom. Hence its phase space is five
5dimensional, which can be coordinatized by M , κ, A, Φ
and Q, and the two parameters Λ and λ specify the par-
ticular element. Using the three equations of state (24)-
(26) we were able to eliminate the parameters Λ and λ to
get a single relation between the phase space variables.
This relation defines a hypersurface by the vanishing of
a Hamiltonian function and therefore yields a HJE.
The HJE (31) we get for the EBIAdS family is quasi-
linear and we can find an analytic expression for the most
general solution. It is interesting to note that the solu-
tion is far more general than the equation of state of the
EBIAdS black hole. A function must be specified by a
boundary condition to get the actual equation of state,
not just two constants of integration. As we mentioned,
the precise meaning of the existence of these solutions
that do not correspond to the actual equation of state
is not clear. This may get clearer if it is understood
whether and how the HJE is related to the quantization
of black holes. In any case it provides a caveat against
the use of the Hamilton-Jacobi formalism to determine
the equations of state of a family of substances.
It should also be remarked that the above is not the
only way of extending the RN black hole into a two pa-
rameter family; one may think of parameters other than
the cosmological constant and the Born-Infeld parame-
ter. In fact, we can introduce n parameters to a system
of n degrees of freedom in a completely arbitrary man-
ner. It is possible that there is another choice of extension
which is free of this ambiguity. Moreover, the question
of finding a HJE for rotating black holes is still open.
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